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ABSTRACT 
This paper presents an investigation of the creep buckling of shallow 
shells subjected to a uniform external pressure. A numerical analy- 
sis of various shell geometries and pressures were performed using 
the computer program KSHEL. A hemisphere loaded thru a rigid boss 
was analyzed in addition to the shallow shell geometries. Comparison 
with other authors showed significant differences in the predicted 
buckling times. A set of nondimensional governing parameters were 
identified for the shallow shell geometry. 
The buckling modes studied were both the axisymmetric snap-thru and 
bifurcation types. A fourier expansion series is used to express the 
bifurcation mode. It is assumed that the bifurcation of the shell 
occurs from an axisymmetric creep state. 
The creep material behavior was modeled using both primary and 
secondary creep laws. The secondary creep behavior was modeled using 
a power law for the variation of the creep rate with stress. The 
primary creep analysis compared results from the time hardening and 
strain hardening creep laws. 
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I.  INTRODUCTION 
A.  Elastic Buckling of Shallow Spherical Shells 
The elastic buckling of shallow spherical shells has been widely 
researched. Reissner (1) first developed the shallow shell elastic 
theory. Budiansky (2) solved the axisymmetric elastic buckling 
problem. Then Huang (3) extended the elastic buckling theory to 
include asymmetric modes of instability. In the axisymmetric mode, 
the spherical cap loses stability at a limit point. The equilibrium 
curve for a shell causes the cap to jump or snap to a new equilibrium 
state at the limit point. This type of buckling mode is called 
snap-thru. The shell becomes unstable thru bifurcation in the asym- 
metric buckling mode. Huang showed that most shallow spherical 
shells reach a bifurcation point before snap-thru occurs. 
The differences between the numerical and experimental elastic 
results led to the study of geometry imperfections in shallow shells. 
Various authors  (4-10) have studied the imperfection sensitivity 
problem.  Several conclusions can be drawn from this research work. 
The thinner or flatter the shell becomes the more sensitive it is to 
imperfections. Also the shells are much more sensitive to changes in 
curvature than changes in thickness.  Imperfections on the order of 
half the shell thickness can reduce the elastic buckling pressure by 
60%. These effects also play an important role in the creep buckling 
behavior of a shell. 
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B.  Creep Buckling of Columns 
The analysis of creep buckling is an important factor in the design 
of slender components subjected to a high temperature environment. 
Creep effects will reduce the time independent buckling strength of a 
component. Thus, a component that, is initially stable can pass into 
an unstable state under creep. In certain cases it is possible for a 
component to always be stable while deforming under creep. The time 
at instability is defined as the critical time. 
The first work in the area of creep buckling was conducted on col- 
umns. Early work was limited to experimention and hand calculation 
methods. A good review of this early work was given 'by Hoff (11). 
To better understand the creep buckling process a dynamic model was 
developed by Hoff. A dashpot represented the creep material 
behavior, while the mass represented the load and a spring simulated 
the stiffness. The dynamic system was always unstable for 
viscoelastic material. If strain hardening was assumed, the dynamic 
system would become unstable for only a range of loads. 
When analyzing a column, several additional points were brought up. 
The imperfections in the shape of a column decreased the critical 
buckling time. Addition of elastic strains also decreased the crit- 
ical time. Hoff showed large differences in the predicted critical 
buckling times when comparing various other authors' research. 
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Several simplified hand methods were developed to predict the . crit- 
ical time for a column. Carlson and Schwope (12) and Shanley (13) 
used iso-stress-strain curves to predict the column's behavior. The 
main disadvantage with this method was the plotting of the isochrous 
stress-strain curves. An additional error was also introduced into 
the calculations through the conversion of the uniaxial creep data. 
Also, in an actual column the stresses keep changing during creep, 
while preparation of the iso-curves assumes a constant time indepen- 
pendent stress. Gerard and Papino (14) used a tangent modulas ap- 
proach with limited success. 
C.  Creep Buckling of Cylinderical Shells 
Development of high speed computers led to the study of more complex 
components. The first creep buckling work on shells investigated 
cylinderical geometries. Batterman (15) anaylized the time independ- 
ent behavior of a cylinder subjected to axial compression. Diamant 
(16) and Samuelson (17) investigated the creep buckling of a cylin- 
derical shell under axial compression and internal pressure. Only 
transient creep was assumed in Dimant's paper. The anaylsis con- 
cluded that a strain hardening theory would predict a shorter crit- 
ical time than the corresponding time hardening theory. Experimental 
results gave a critical buckling time between the two hardening 
theories. Samuelson included the effect of time independent 
plasticity in his analysis. For moderate loadings there was very 
little effect from plasticity.  Inclusion of plasticity is important 
-k- 
when the plastic strains are of the same order of magnitude as the 
elastic strains. 
Thermal gradients can significantly affect the creep deformation of a 
shell. Y. S. Pan (18) studied the creep buckling of a cylindrical 
shell subject to external pressure and thermal gradients. Inclusion 
of thermal gradients decreased the critical buckling time by 60% in 
the example presented. This effect could become important for thick 
shells where significant thermal gradients can occur thru the 
thickness. 
D.  Creep Buckling of Shallow Spherical Shells 
The creep buckling of shallow spherical shells has received much 
attention in recent years. Huang (19) studied a viscoelastic clamped 
spherical shell. A relaxation modulas was used to represent the 
viscoelastic shell material behavior. Shi et al (20), studied a 
simple supported spherical shallow shell using a variational theorem 
for creep. The creep material behavior was idealized using a time 
hardening model. Shi's study included experimentation of five test 
shells made of type 6/6 nylon. Comparison of experimentation and 
numerical results showed smaller strains and longer buckling times 
occuring for the theorical work. One explanation of these differ- 
ences results occured with a slight variation of the shell's radius. 
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The first investigation of asymmetric creep buckling of a clamped 
shallow spherical cap was preformed by Miyazaki, el al (21). His 
results were presented in terms of a nondimensional time hardening 
creep law. The majority of the work was performed using a power of 
three stress for the variation of creep strain rate with stress. As 
in the elastic results, bifurcation of the shell could occur before 
the snap-thru limit point is reached. The creep bifurcation of the 
shell can occur in a lower mode than obtained from the time independ- 
ent elastic case. The buckling mode is dependent on the applied 
pressure and the creep rate. This is because the creep deformations 
change the stress distribution within the shell. Miyazaki assumed 
that the bifurcation of the shell occurs from an axisymmetric stress 
in- 
state.  Also, a threshold pressure exists such that below this pres- 
sure the shell is always in equilbrium. 
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E. Other Geometries and Simplified Hand Calculation Methods 
Other shell geometries studied include work by Jones (22). He stud- 
ied a complete sphere subjected to external pressure. Penny and 
Marroitt (23) investigated a hemisphere loaded thru a rigid boss 
using a reference stress method. 
Simplified hand calculations methods have been developed because of 
the large amount of computer time needed to solve a creep buckling 
problem. Mayville and Gordon (24) present a comparative stress 
method based on elastic results. The main assumption of this sim- 
plified approach is that the same primary strain distribution exists 
in both the creep and elastic buckling problem. Hoff (11) proved 
that the buckling state for a column is dependent on the slope of the 
creep curve and not just the strain level. In addition, creep defor- 
mations change the stress distribution within the shell subjected to 
anything other than a pure membrane stress state. 
In summary, the creep buckling problem is affected by various condi- 
tions. These include the creep rate, loading intensity, thermal 
gradiants, plasticity, and imperfections. In addition, the type of 
creep behavior idealization also affects the results. A shallow 
shell can buckle thru either a axisymmetric limit point or asymmetric 
bifurcation mode. The type of buckling mode depends on the geometry 
and load intensity. 
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II.  CREEP LAW IDEALIZATIONS 
A.  Secondary Creep Laws 
The creep phenomenon is characterized by three regions of behavior. 
The initial creep strain rate decelarates with time in the primary 
phase. This is followed by a region where the creep strain rate 
remains constant. This second region is referred to as the secondary 
or steady state creep. The creep behavior ends with a rapid ac- 
celeration of the creep strain rate in the tertiary phase. These 
three regions are shown on figure 1 for an uniaxial specimen. 
To describe the three creep regions various creep laws have been 
proposed. The simplest method is to assume that only secondary creep 
material behavior occurs. One- of the most commonly used laws was 
suggested by Norton (25) and Bailey (26) as: 
ec = Uo (a/So)n ; n > 1 (2.1) 
For most practical problems the value of the stress exponent ranges 
from 2.5 to 12.0. A hyperbolic sine law was proposed by Nadai (27) 
for the secondary creep rate as: 
e = Uo *sinh (a/So) (2.2) 
c 
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B.  Primary Creep Laws 
In the primary creep region the material is commonly assumed to be 
either strain hardening or time hardening. The time hardening law is 
much simpler to handle in creep calculations. A curve fit of the 
primary creep data can be made using the following equation: 
e =Aantp. (2.3) 
c 
The constants A, n, and u are dependent on the material, temperature, 
and stress level of the test. 
The creep rate equations differ between the two hardening theories. 
The time hardening law is derived by differentating equation 2.3 with 
respect to time. The time hardening creep rate equation is expressed 
as: 
e = uAa11 t^1 (2.1m) 
c 
The strain hardening creep law is formulated by eliminating the time 
from equation 2.4a using equation 2.3. The resulting strain harden- 
ing law is written as: 
e- = uAl/yo n/y e (y"l)/y (2.Ub) 
c 
The two hardening theories predict different results in a time vary- 
ing stress field. Identical results occur from the two hardening 
theories for a time independent stress field. 
Figure 3 shows an example of the creep behavior predicted by the two 
primary theories.  This example is a cylinder subjected to an instan- 
ce- 
taneous step load at point C. A membrane stress field exists in the 
cylinder. Curves 0-A and 0-B are for the cylinder subjected to the 
two time independent loads. When assuming a time hardening material, 
the shift to the creep curve follows a constant time path C-D. Thus, 
the total creep strain follows the path OCG. The strain hardening 
law assumes that the strain stays constant when shifting to the new 
creep curve. Thus, the material would take path C-E when using a 
strain hardening law and would follow the path OCF. The strain 
hardening law predicts larger strains when subjected to a stress 
field which increases with time. 
Creep laws can also be developed by combining a secondary and primary 
creep law. The two regions are separated at a specified transition 
time. The creep strain rate for the two different laws are equated 
at this transition time. An example of this procedure will be given 
latter in the text. 
C. Extension of the Uniaxial Creep Laws to a Multiaxial Stress State 
So far the various creep laws have been limited to only uniaxial 
stress states. To extend these laws to a multiaxial stress state, a 
citeria must be developed. The following discussion is taken from 
Hult (28). It is assumed that the creep strain is incompressible and 
that the creep strain rates are proportional to the principal shear 
stresses.  Based on the above two assumptions, it can be shown that 
the creep strain rates are given by the equation: 
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ecl = 2/3 C (o±  - h  (a2 + o^  )) '        (2.5a) 
E     /   fan - h  (o„ + an )) (2.5b) ec2 = 2/3 C (2   2 v 3   1 
e , = 2/3 C (a, - % (a- + a. )) (2.5c) 
c3 3      c:   x 
The problem then becomes one of describing the value C in the above 
equations. A number of methods can be developed to describe the 
value of C for the material being used. One method is to follow the 
procedures; developed to describe the the plastic deformation of 
ductile metals without creep. This is done by using the definition 
of equivalent stress which is given as: 
a* 
2 . ,_   _   ,2   .   ,_ _ ,2 ,3s    (2>6) 
= (1//2) ( (^ - a2r  + (o2 - a3r  + (o3 - a±)     Y 
The three principal stresses are given by 02, 02,  and 03 in the above 
equation.  Similar equations can be developed for the equivalent 
strain and equivalent strain rate.  These equations have the form: 
e * = J2/3  ((e2 - e2)2  + U2 - kj2  + (£3 - e^f2 (2.7a) 
e * = 72-/3 ((El - e2)2 +  (e2 - zj2  + (63 - e^2)3*    ' (2.7b) 
The value of C can now be determined by using an uniaxial creep law 
and the equivalent stress and strain equations. For a steady state 
multiaxial stress state the creep strain rate is defined as: 
e = f(a*) (2.8) 
c 
For a constant stress tension test the numerical factors can be 
chosen such that a* - a ,  and e* = e. Thus using equations 2.5a-b we 
« 
can calculate C=3E*/2°*.  This is written as: 
ecl = e*/a*  (o^ - h  (o2 + a^   ) (2.9a) 
ec2 = E*/a* (a2 - h (a± + a^   ) (2.9b) 
e _ = e.*/a* (a. - h  (a. + 0 J ) (2.9c) 
c3 3      12 
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To use equations 2.9a-c a particular secondary creep law must be 
substituted for the strain rate e"*. The extension of the uniaxial 
creep law from equation 2.1 would have the form: 
4e* *  Uo (<"/So)n (2.10) 
The creep strain rate can be calculated by using equation 2.10 as: 
ecl = (Uo/So11) (a*)11-1 (a1 - h  (a,, + aj   ) (2.1l) 
i 
Similar equations for e »and e „can also be developed. 
The same procedure can be used to extend the uniaxial primary creep 
laws to discribe a multiaxial stress state. If the time hardening 
law given in equation 2.4a is utilized, the creep strain rate is 
defined as: 
£cl = A ^ tV  {al ~ h  (a2 + a3} ) (2.12) 
For the strain hardening law the creep strain rates are defined as: 
ecl = u A
1
^ a* n/,J e*1"1/ »  (c^ - h  (o2 + *J   )   (2.13) 
Here again similar expressions can be written for e ~and ec-3- 
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III.  NONLINEAR ANALYSIS OF SHELLS OF REVOLUTION SUBJECTED 
TO AXISYMMETRIC LOADS USING KSHEL 
A.  Implementation of Creep in the Shell's Governing Equations 
The solution to the governing shell equations are solved both in- 
crementally and iteratively.  The notation used and the numerical 
method is presented in two papers written by A. Kalnins (29, 30). 
The shell stresses are expressed by assuming a plane stress 
mechanical behavior of the form: 
%  = Bll £«f> + B12 £0 + bl (3'la) 
°6 = B12 % + B22 e9 + b2 (3.1b) 
The coefficients Bij and bi, are calculated using the stresses and 
total strains. These coefficients are calculated at the beginning 
of the time step (t-At).  An example will be used to demonstrate how 
the above compliance coefficients are calculated.  The example is an 
uniaxial specimen subjected to creep. The creep behavior will be 
described using a steady state power law. The total strain rate 
is written as follows: 
e = o/E + an/D (3.2) 
The dot in the above equation represents differentiation with respect 
to time. The governing equations are solved by incrementing the 
time, and then iterating to find the stress. A linear stress varia- 
tion is assumed across the time step and expressed as: 
0 = 
°1 + (02 " 51} (t " V / (t2 ~ V (3-^ 
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The subscripts 1 and 2 denote the beginning and the end of the time 
step, respectively. The nonlinear creep law is also linerized by 
expanding it using a binomial expansion series and neglecting higher 
order terms of A°\ If we integrate equation 3.2 with respect to 
time, the total change in the strain becomes: 
At 
> 
Ae = Aa/E + l/D \  a" + n a^-1 _Aa T + ...  dx      (3.k) 
At 
The above equation reduces to: 
Ae = Aa [l/E + na^'1  At/2D + a n At/D ] (3.5) 
The above equation is solved for a_ in terms of the initial stress 
and strain. Equation 3.5 is rewritten as: 
a2 = Be"2 + b (3.6) 
The creep compliance is written as: 
B = 1/ (l/E + na^'1  At/2D) (3-7) 
The stresses are assumed 'to remain constant across the time step in 
most numerical analysis. The disadvantage of this assumption is that 
many more time steps must be used in the analysis. Also, the numeri- 
cal solution can diverge from the actual results if too large of a 
time step is taken. 
The shell stress resultants, and stress couples are related to the 






% = cii V ci2 V Kii k* + K12 ke + Ni 
N0 = C12 V C22 E6+ K12 % + K22 k9 + »2 
M
* = 
Kll V K12 V Dll k* + D12 k0 + El 
%  = K12 %+ K22 Ee+ D12 k, + D22 ke + \ 
The coefficients Cij, Kij, Dij, Ni, Mi are calculated with the fol- 
lowing integrals through the thickness: 
Cij = 5' Bij dz (3.9a) 
Kij = J Bij zdz (3.9b) 
Dij = J Bij z2 dz (3.9c) 
Ni = \  bi dz (3.9cl) 
Mi = 5 M zdz (3-9e) 
The strain distribution through the thickness is given by the 
Kirchoff-Love hypothesis.  This is: 
£A = EA + k.z (3.10a) 9   9   9 
?Q = e6 + kQz (3.10b) 
pS* The strains e  and eg , are the extensional strains at the reference 
surface, and k, and k^ are the curvature changes. 
The coefficients Bij and bi are calculated at discrete values along 
the reference surface and through the thickness in the computer 
program KSHEL. These values are saved for later use. To evaluate 
the integrals 3.9a-e numerically, Simpon's rule is used with nine 
equally spaced points through the thickness, the values of Cij, Kij, 
Dij, Ni and Mi are then stored at discrete points along the reference 
surface. 
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Once the coefficients of equations 3.8a-e are calculated and stored, 
the shell's governing equations reduce to a nonlinear boundary value 
problem.  The governing equations are solved for the fundamental 
variables U  ,  W, 3,, N,, Q , and M .  In addition, the generalized 
9      9   9 9 
strain components e,, E., k,, and k „ are solved.  Now the strain 
<p   6   <p       6 
components e, and e. may be found from 3.10a-b, and the stress compo- 
<p      8 
nents a(L and a0 from equation 3.1a-b. A new time step is taken and 
the entire process is repeated. 
B.  Creep Laws Available Using The Current Version of the KSHEL 
Program 
The computer program KSHEL (31) has the capability to model either a 
primary or secondary creep material behavior. For secondary creep, 
both the power and hyperbolic sine laws for variation of the creep 
rate with stress, are available. The general form of the steady 
state creep strain rate is: 
e = Uo G(a/So) (3.1l) 
c 
Where Uo is the reference strain rate and So is the reference stress. 
The function of G(o/SO) becomes either a power law or a hyperbolic 
sine law.  This is written as: 
G (a/So) = (a/So)n  Power Law       (3.12a) 
G (a/So) = Sinh (a/So) Hyperbolic   ,_ _„» 
Sine Law 
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The primary creep laws available are either time hardening or strain 
hardening.  The hardening laws are formed by dividing the creep curve 
into a secondary and primary region.  The time at the separation 
point between the two regions is called t*, the creep strain 
rate is equated from the primary and secondary creep laws.  The 
transition time t* becomes: 
|_l-u. 
Po G(a/So) 
Uo F(a/So) (3.13a) 
The values of So, u, Po, and Uo, are constants.  The function F(a/So) 
is expressed as in equations 3.12a-d, but describes the primary creep 
region.  A definition of the constants and how to determine their 
value is given on page hh-2  of the KSHEL users manual (31).  The 
primary creep strain becomes: 
C.  Test of the Creep Laws in KSHEL 
To test the implementation of the secondary and primary creep laws 
within KSHEL, a test problem was developed. The test consisted of 
analyzing a step load change on a cylinder with end caps under in- 
ternal pressure.  The boundary conditions at the starting edge of the 
cylinder are u,, Q, $,, and N, equal to zero.  At the end of the 
<J>     <P      <f> 
cylinder, u,, 3, and Q are set to zero.  In addition, N, is set to 
the axial pressure load.  These boundary conditions and loading pro- 
duce a membrance state of stress in the cylinder.  The longitudinal 
and circumferential stresses become the principal stresses in the 
problem. 
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The stresses are defined as: 
a = pa/2h = a' (3.lUa) fc) 
o, = pa/h = 2a' (3.lUb) 
9 
The equivalent stress is calculated using equation 2.6 as <J~3[   a'. 
In the first test, a secondary power law was used to describe the 
creep material behavior.  The creep strain rates are calculated 
using equations 2.10 as: 
e.  = 0.0 (3.15a) 9c 
e„ = cAo')n (3.15b) t)c   1 
The constant C. in the above equation is defined as: 
C]_ = Uo (l/So^yT11"1 (3/2) (3.16) 
As seen from the above equation, the axial creep strain is zero 
for this problem.  The total strain rates are calculated by add- 
ing the elastic and creep strain rates. 
e, = ((l-2v)/E) a' (3.1Ta) 
9 
EQ =((2-v)/E) a'+ C1 (a')n (3.1Tb) 
To define the total strains, the above equations are integrated 
with respect to time. 
e = f(l-2v)/E)a' (3.l8a) 
eQ =((2-vyE)o' + C1 (a')nt (3.l8b) 
A similar expression is developed for the circumferential strain 
rate when a time hardening law is used. 
ee =((2-v)/E)a- + C2 (a^V-1 (3.19) 
The constant C? is a function of the creep law constant given in 
equation (2.3) 
C2 = (3/2) A (3) (n-l)/2y (3.20) 
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Again the axial strain is only a function of the elastic strain.   If 
a  strain hardening law is assumed, the circumferential strain rate 
becomes: 
; =((2-v)/E)c' + C, (a') n/y+ X e*  1"1/»1        <3-21> 
In this case, the constant C3 is defined as: 
C3= vA1/vfi   n/p (3/2) (3.22) 
e* is the equivalent strain as defined in equation 2.7b. 
The test cylinder was assumed to have the following properties: 
a = 500mm (radius) 
1 = 10mm (length) 
h = 10mm (thickness) 
E = 30 MPa (modulas of elasticity) 
v = .30 (Possion's ratio) 
The loading condition at the beginning of the analysis was: 
p = 1000 kPa 
N^ = 250 N/mm 
At a time of 0.2 seconds, the load is stepped instantaneously to the 
following values: 
-19- 
p = 1200 kPa 
N^ = 300 N/mm 
' I' 
For the steady state creep tests, the power law for the variation of 
the creep strain rate with stress was used with the following 
parameters: 
Uo = .001 mm/mm/sec 
So = 10 MPa 
The creep strain results, from the computer program KSHEL, are shown 
on figure 2. The computer results agreed exactly with the closed 
form solution. 
Both the strain hardening and the time hardening primary creep was 
tested. The following is a list of the creep parameters used in the 
analysis: 
Po = 1.707 x 10  mm/mm 
u = .5 
n = 3 
t* = 0.40 sec 
The general form of the hardening creep law is given by equation 
3.13. A plot of the circumferential creep strain for both primary 
laws are shown on figure 3 using the step load change previously 
-20- 
described. The creep curves obtained for the two time independent 
stress levels were also plotted for comparison. Again, these results 
agreed exactly with the theorical solutions given in the beginning of 
this section. 
In conclusion, a cylinder under a 'membrane stress state was utilized 
to test the various creep laws. The secondary and primary power 
laws, for the variation of creep rate with stress were used in the 
test. In all three cases, the numerical results agreed exactly with 
the theoretical solutions. 
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IV. DISCUSSION OF RESULTS 
A.  Assumptions in the Analysis 
The main assumptions of the analysis are as follows: 
1. Shell theory is used to develop the governing equations. 
2. No presence of imperfections, thermal gradients or strains 
in the shell. 
3. Only axisymmetric creep is considered. Asymmetric bifurca- 
tion of the shell occurs from an axisymmetric stress state. 
4. The external pressure load is applied instantaneously and 
held constant for the duration of the analysis. 
5. The uniaxial creep curve is expressed with a power law. The 
extension of the uniaxial creep law to a multiaxial stress 
state is preformed using a creep potential law of the Von 
Mises type. 
6. Isotropic linear behavior in the elastic range. 
7. Only one material is allowed. 
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8. The shell is assumed to be clamped on the outside edge. 
Exceptions to this are case numbers IT and 18, which have 
a simply supported edge. 
9. The nonlinear rotational terms were considered in the 
governing equations.  The nonlinear radial terms are not 
included in the analysis. 
B.  Governing Shallow Shell Parameters 
The shallow spherical shell is characterized by several governing 
parameters.  Figure k  shows the definition of the shallow shell 
geometry.  Huang (3) demonstrated that the elastic buckling pres- 
sure is a function of X and P /q  .  The parameter X, defines the 
shell geometry and is written as:" 
X = 2 (3(l-v2))h (K/h)h (U.l) 
The critical elastic buckling pressure of the shallow spherical 
shell is defined as P  .  Huang expressed the critical pressure as 
a function of the elastic buckling pressure of a complete sphere. 
The equation for the buckling pressure of a complete sphere is 
defined as: 
qo = 2E (h/a)  (l/(3(l-v2))h) (k.2) 
The critical pressure ratio ranges between .5 and 1.2 for the axisy- 
mmetric mode of failure.  The critical elastic buckling mode is 
asymmetric for shallow spherical geometries having X greater than 
5.5.  The shell buckles with a higher number of waves around the 
circumference as X increases above 5.5- 
-23- 
Table 1 lists the different geometries studied.  The critical elastic 
"buckling pressures are listed on Table 2.  The lowest time independ- 
ent critical pressure was also listed in those cases where A was 
greater than 5.5.  In addition, the number of waves around the 
circumference are given for the asymmetric buckling modes.  For the 
various geometries studied, a check of the time independent limit 
load pressures were made using the computer program KSHEL.  The limit 
analysis is preformed by incrementing the pressure until the solution 
convergence is not obtained.  The analysis is repeated using a smaller 
pressure range to refine the, critical pressure calculation.  Then the 
critical pressure value is checked by preforming an axisymmetric 
eigenvalue analysis of the shell.  A plot of the load limit and load 
calculations are shown on figure 5-  The values obtained from KSHEL 
were in good agreement with the results presented by Huang.  For 
various shallow shell geometries, the axisymmetric buckling mode 
shapes are shown on figure 6. 
The radial deflection was normalized using the following scheme.  The 
shell's radial deflection was normalized by dividing the shell thick- 
ness.  The center radial deflection was used in predicting the crit- 
ical buckling time in the early work of this thesis.  Budiansky (2) 
showed that, in general, the center deflection is not always the 
point of maximum radial deflection.  The question becomes whether to 
plot the maximum deflection, or just the center value. Budiansky 
concluded that the shell's behavior is better characterized by using 
an average radial deflection.  Thus, in my later work, the average 
deflection of the shell was used based on the following: 
W = ((1/(S2 - S1))^(v2 + u*)  &a)h (k.3) 
-2k- 
This average deflection worked very well in all the analysis work 
preformed. 
The time was normalized by dividing the nominal creep strain by the 
classical buckling elastic strain for a sphere.  The classical 
buckling strain is expressed as: 
a = q a/(2h) (k.ka.) 
no 
e  = a  (l-v)/E (U.i+b) 
n   n ' 
Assuming the creep law has the general form as listed in equation 
2.3, then the nondimensional time is written as: 
T = e  /E = (A(a A^/Cc  (l-v)/E) ,. ,-v 
en     n      n   - l*+. ?; 
The above equation can be simplified as: 
T = (AE/(l-v)) a n_1ty (U.6.) 
n 
The time power constant V  is equal to one for the case of a secondary 
creep behavior. - This normalized time allows secondary creep results 
to be immediately transformed to the case of time hardening creep. 
The secondary creep time case becomes either contracted or expanded 
for the time hardening case. 
As previously stated, the governing equations are solved by incremen- 
ting the time step.  The size,of the time step is estimated from the 
creep strain rate.  The computer program KSHEL predicts the time step 
increment based on the following equation: 
At = Omega* EEQ/STRT • (U.7) 
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Omega is a constant that is entered by the user, which usually ranges 
between one to twenty. The predicted maximum equivalent strain is 
EEQ and the maximum strain rate is STRT. The time step was assumed 
to remain constant throughout the creep buckling analysis. Equation 
4.7 was used to estimate the time step at the start of the creep 
analysis. The use of equation 4.7 to estimate the time at only the 
start of each step causes too large of a time step near the critical 
time. 
A scheme based on the number of iterations to a satisfactory accuracy 
was developed in an effort to adjust the time step size. The results 
at each time step were saved for possible later use. A solution 
taking less than three iterations caused the next time step to be 
increased. The time step remained constant if the solution was 
solved in three iterations. The time step was decreased if more than 
three iterations were needed to solve the governing equations. The 
calculations were restarted at the beginning of the time step if the 
solution did not converge. The next time step was set to half the 
proceeding value in this case. This restarting procedure was done a 
maximum of three times. This new time step scheme resulted in a much 
better difinition of the shell's behavior near the critical buckling 
time. 
A new time step estimation scheme was developed for use with a pri- 
mary creep law. Equation 4.7 cannot be used for a primary creep law 
because the creep strain rate is infinite when the time is zero.  To 
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avoid this problem, an option to input the time step was incorporated 
into KSHEL. The time step size was estimated using a compariable 
secondary creep analysis. Equation 4.6 is used to convert the sec- 
ondary creep time steps  to an equivalent time hardening analysis. 
This option also benifited the secondary creep analysis by allowing 
■ i 
better control of the time step near the critical time. 
C.  Creep Buckling Analysis Using a Secondary Creep Law 
Various shell geometries were analyzed using a secondary creep power 
law. Table 3 lists the creep law parameters and the type» of creep 
law used. The creep law constant A was arbitrarity set to obtain a 
critical buckling time of approximately 24 hours. The constant A in 
case numbers 17, 18, and 19 were set to the specific values listed in 
their respective references. 
A comparison of the radial deflection verses time curves for various 
powers of n at A=4.45 are shown on figure 7. As expected, the actual 
critical buckling time decreases as the power n is increased. These 
curves show the few number of points needed to define the curves. 
The critical time occurs at the point where the slope of the deflec- 
tion curves goes to inifinity. A simular plot for A=7 is given on 
figure 8. 
The effect of pressure and power n were analyzed for a shell geometry 
having ^=9. A deflection plot is given on figure 9 for the various 
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loads analyzed. A plot of the critical time, as a function of the 
pressure, is shown on figure 10. Two values of the power n were 
analyzed for a pressure ratio of .750. The results of the radial 
deflection are ploted on figure 11. The nondimensional time shows 
little change in the results. 
A deflection plot for A=12 is given on figure 12. As seen from all 
the plots the shell buckles at approxiamately the same deflection to 
thickness ratio. 
Three comparison cases from Miyazaki (21) were analyzed using the 
computer program KSHEL. A steady state power law for the variation 
of stress with creep rate was used in the analysis. The power n was 
set to 3 in all three test cases. Miyazaki presented his results in 
terms of a nondimensional time hardening law. The results presented 
in reference (21) were converted to the non dimensional time given by 
equation 4.6. When the constant u is equal to one, the time harden- 
ing law reduces to the secondary creep law. Figures 13, 14, and 15 
•present the radial deflection as a function of time for the three 
different geometries analyzed. The external pressure load was set to 
80% of the critical time independent buckling pressure which corre- 
sponded to the lowest mode of failure.  The geometry parameter used 
by Miyazaki was given as: 
a = a32/h (U.&) ■ 
Miyazaki investigated both the axisymmetric snap-thru and the asym- 
metric bifurcation creep buckling modes. The critical buckling time 
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was determined by the mode which resulted in the lowest buckling 
time. Miyazaki demonstrated that a shell can buckle under creep in a 
lower mode than obtained from the time independent case. / The creep 
buckling modes shape depends on the creep rate and pressure load 
ratio. An example of this is given in case 13. This shell has a 
geometry parameter a equal to 30. The lowest time independent buckl- 
ing pressure is obtained for the asymmetric mode of 5. The lowest 
creep buckling time is found for the axisymmetric snap-thru mode. 
An example of creep buckling of a shell thru bifurcation is given in 
case 15. The critical creep buckling time occurs for the asymmetric 
/ 
mode of 3.  This is the same mode predicted for the elastic buckling 
case. Buckling the shell into an asymmetric mode was determined by 
using an eigenvalue buckling analysis. The axisymmetric creep state 
was used to prestress the shell for the eigenvalue buckling analysis. 
A plot of the prestress multiplier from the eigenvalue buckling 
analysis as a function of time is given on figure 16. This case 
corresponds to a =15 in Miyaziki's paper. A comparison of the pre- 
dicted creep buckling time between KSHEL and Miyaziki is listed in 
Table 4. As seen in the table the predicted critical time obtained 
from KSHEL is much shorter than given in reference (21). One reason 
for this difference could be the fact that Miyaziki uses a finite 
element approach. The use of finite elements in a shell analysis 
tends to produce a stiffer shell. A comparison of the strain 
displacement and curvature equations between the two methods was also 
made.  The governing axisymmetric equations presented by Miyaziki 
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were converted to the same notation used in the computer program 
KSHEL. The governing axisymmetric equations given by Miyaziki are as 
follows: , ,   .2 ,,   , 
e , = u. e + h  (w,s) (it.9a) 
e. '=  (u.cosiji + wsin<(>)/r (i+.9t») 
G <p 
k^  = -w,ss (^.9c) 
9 
kQ = -((cos*)/r)(w,s) (k.9d) 
The comma in the above equation refers to differation with respect to 
the variables that are listed after the comma. The corresponding 
equations for a axisymmetric spherical shell from KSHEL are as 
follows:    e+ = u^ + h^ 2  + w/R+ (U.lOa) 
e„ = (u,cos<j) + wsind))/r (k. 10b) 6    <p 
k, = -w,ss + u,  /R, (k.10c). (j) (f),S <p 
kQ = -((cos<j>)/r)(w,s) (U.lOd) 0 
As seen in the comparison of the governing equations, the rotational 
term 3, is approximated by dw/ds in reference (21). Also, several 
other terms in the governing equations were not included by Miyaziki. 
D.  Creep Buckling Analysis Using a Primary Creep Law 
The creep buckling of a simply supported shallow shell was studied by 
Shi (20). The creep behavior was modeled using a time hardening 
creep law. The shell and creep parameters are given in Tables 1, 2, 
and 3 under case number 17 and 18.  Case 17 was first run on KSHEL 
using a secondary creep law to estimate the time step for in the 
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primary creep analysis. Shi's work included both a numerical and 
experimental investigation. A comparison of Shi's work and KSHEL is 
shown on figure 17. The results presented by Shi were converted to 
agree with the nondimensionalizing scheme presented in this paper. 
The secondary creep results from KSHEL were also plotted for com- 
parison. The differences between the secondary and time hardening 
results from KSHEL were due to the assumption that the stress is 
linear across the time step. A smaller time step would decrease the 
deviation between the secondary and time hardening cases. In addi- 
tion, the shell was also analyzed using a strain hardening creep law. 
The time and strain hardening theories predict about the same results 
because of the small variation of the stress field with respect to 
time. The results from KSHEL predict slightly higher strains than 
reported by Shi for his numerical work. The numerical method from 
both the computer program KSHEL and Shi predict much smaller strains 
than experimental values given by Shi. One reason for this could be 
the effect of imperfections in the test shell. Also, the creep 
properties could be different from the uniaxial tension test for a 
bending stress field. 
The creep buckling of a hemisphere loaded through a rigid boss was 
studied by Marriott and Penny (23). A uniaxial tension test was made 
to determine the material's creep properties. The tension test creep 
data was fitted using a time hardening creep law. The geometry, 
load, and creep parameters are listed on Tables 1, 2, and 3 under 
case number 19. Marriott presented both a reference stress calcula- 
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tion method and experimental results. Figure 18 shows the predicted 
deflection of the boss under creep. The same model was analyzed in 
KSHEL using a strain hardening creep law as a comparison. The 
results showed the strain hardening theory to be in closer agreement 
with the experimental values reported by Shi. The differences be- 
tween the numerical and experimental results could be due to imper- 
fections in the test shells. Also, The difference between the 
material's tension and bending creep properties could account for the° 
differences. 
Two additional shallow shell geometries were studied using a primary 
creep law. A comparison was made between the results obtained from a 
secondary, time hardening, and strain hardening creep law ide- 
alization. The first geometry investigated is listed under case 
number 16. This shell has a geometry parameter^ equal to 7.0. The 
same model was analyzed in case 6 using a secondary creep law. A 
plot of the radial deflection results is shown on figure 19. The 
large differences between the strain and time hardening results were 
due to the variation of the stress field with respect to time. The 
greater this stress variation is, the larger the difference becomes 
between the two hardening theories. The last geometry to be in- 
vestigated is listed under case 14. Figure 20 shows the average 
radial deflection results as a function of time for the three dif- 
ferent creep laws used. Here, again, large differences are predicted 




In conclusion, a study of the creep buckling behavior of shallow 
shells - has been presented. Several geometries were analyzed using 
the computer program KSHEL. The program KSHEL has the capability to 
analyze any axisymmetric shell subjected to creep. The shallow shell 
geometry was chosen because of its simplicity and reference in other 
literature. The various creep laws studied include a secondary power 
law and the strain and time hardening primary creep laws. The buckl- 
ing modes considered are both the axisymmetric snap-thru and asym- 
metric bifurcation types. 
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TABLE 1 
Shallow Spherical Shell Geometries 







1 4.1*5 500 10.0 19-948 
2 4.45 500 10.0 19-948 
3 4.1+5 500 1.62 8.0 
4 4.45 1667 33.4 ■ 19-948 
5 4.45 1667 33.4 19-948 
6 7.00 500 4.046 19-948 
7 9-00 500 2.448 19-948 
8 9.00 500 2.448 19-948 
9 9-00 500 2.448 19-948 
10 9.00 500 2.448 19-948 
11 9-00 500 2.448 19-948 
t 
12 12.00 500 1.377 19-948 
13 9.91 500 2.020 19-948 (21) 
lit 4.06 500 1.00 5-730 (21) 
15 7.03 500 1.00 9-924 (21) 
16 7.00 500 4.046 19-948 
17 4.02 338 3.18 12.3 (20) 
18 4.02 338 3.18 12.3 (20) 
19 - 76.2 1.17 90.0 (23) 
20 4.06 500 1.00 5.730 (21) 
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TABLE 2 
Elastic Buckling Pressures and Applied Loads 
Case No. E V 0 . Pcr/qo P
n
 /Q 
cr 0 Wave No. P/P° 1   cr 
(GPa) Axisym. Asym. Load 
1 10.0 .30 • 58 
•89 
2 ;
  10.0 .30 • 58 
• 89 
3 10.0 • 30 • 58 
• 89 h 10.0 .30 • 58 
• 89 
5 10.0 • 30 • 58 
.89 
6 10.0 - • 30 1.07 • 76 3 • 92 
7 10.0 .30 • 92 • 78 k • 93 
8 10.0 • 30 • 92 
.61* 
9 10.0 ..30 .92 
• 53 
10 10.0 • 30 • 92 
• 75 
11 10.0 .30 • 92 
• 75 
12 10.0 • 30 • 92 
.78 7 • 93 
13 10.0 • 30 .821 
• 777 5 • 76 
Ik 10.0 .30 
.576 
.80 
15 10.0 • 30 1.07 .761 3 • 57 
16 10.0 • 30 1.07 .761 3 • 92 
17 3.05 • 30 • 58 
.88 
18 3.05 .30 • 58 
.88 
19 65-5 •33. - 
20 10.0 .30 .576 0^ 
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TABLE 3 
Creep Law Parameters 
Case No. Law Type A 
(l/kPa)n(l/hours)p 
n V 
1 Secondary- 8.87 x 10-11 k 1 
2 Secondary ». 6.67 x 10~30 5 1 
3 Secondary 9.17 x 10~2T 5 1 
k I  Secondary 8.77 x 10~30 5 1 
5 Secondary 1+.17 x 10~52 9 1 
6 Secondary 1.33 x 10" 5 9 1 
7 Secondary 3.85 x 10'28 5 1 
8  • Secondary 8.13 x 10~27 5 1 
9 Secondary -25 1.00 x 10 ? 5 1 
10 Secondary 6.25 x 10-27 5 1 
11 Secondary -kk 1.25 x 10 9 1 
12 Secondary 
- 5.00 x 10~29 5 1 
13 Secondary 8.33 x 10~18 3 1 
Ik Secondary 2.21 x 10~1T 3 1 
15 Secondary 6.02 x 10"1T 3 1 
16 Primary 3.87 x 10-29 5 .5 
17 Secondary U.308 x 10~8 1 1 
18 Primary U.308 x 10~ 1 .36 
19 Primary -Ik 3.052 x 10 2 .Uo 
20 Primary 6.59 x 10~18 3 .50 
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TABLE U 
Comparison of Critical Buckling Times 
• Between KSHEL and Miyazaki (21) 
Case No. a T 
KSHEL 
T 
REF.   (21) 
Wave No. 
1U 5-0 1.20 3.23 0 
15 15.0 2.55 2.72 3     ; 
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Figure 6: Elastic Buckling Shape of a Spherical 
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